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Abstract
H.S.M. Coxeter showed that a group Γ is a finite reflection group of an Euclidean space if and
only if Γ is a finite Coxeter group. In this paper, we define reflections of geodesic spaces in general,
and we prove that Γ is a cocompact discrete reflection group of some geodesic space if and only if
Γ is a Coxeter group.
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1. Introduction and preliminaries
The purpose of this paper is to study reflection groups of geodesic spaces. A metric
space (X,d) is called a geodesic space if for each x, y ∈ X, there exists an isometric
embedding ξ : [0, d(x, y)] → X such that ξ(0) = x and ξ(d(x, y)) = y (such ξ is called
a geodesic). We say that an isometry r of a geodesic space X is a reflection of X, if
(1) r2 is the identity of X,
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T. Hosaka / Topology and its Applications 153 (2006) 1860–1866 1861(2) X \ Fr has exactly two convex connected components X+r , and X−r ,
(3) rX+r = X−r , and
(4) IntFr = ∅,
where Fr is the fixed-point set of r which is called the wall of r . An isometry group Γ of a
geodesic space X is called a reflection group, if some set of reflections of X generates Γ .
Let Γ be a reflection group of a geodesic space X and let R be the set of all reflections of
X in Γ . We note that R generates Γ by definition. Now we suppose that the action of Γ
on X is proper, that is, {γ ∈ Γ | γ x ∈ B(x,N)} is finite for each x ∈ X and N > 0 (cf. [1,
p. 131]). Then the set {Fr | r ∈ R} is locally finite. Let C be a connected component of
X \⋃r∈R Fr , which is called a chamber. In Section 2, we show that Γ C = X \⋃r∈R Fr .
Then Γ C = X and for each γ ∈ Γ , either C ∩ γC = ∅ or C = γC. We say that Γ is
a cocompact discrete reflection group of X, if C is compact and {γ ∈ Γ | C = γC} =
{1}. For example, every Coxeter group is a cocompact discrete reflection group of some
geodesic space.
A Coxeter group is a group W having a presentation〈
S | (st)m(s,t) = 1 for s, t ∈ S〉,
where S is a finite set and m : S × S → N ∪ {∞} is a function satisfying the following
conditions:
(1) m(s, t) = m(t, s) for each s, t ∈ S,
(2) m(s, s) = 1 for each s ∈ S, and
(3) m(s, t) 2 for each s, t ∈ S such that s = t .
The pair (W,S) is called a Coxeter system. Coxeter showed that a group Γ is a finite
reflection group of some Euclidean space if and only if Γ is a finite Coxeter group [3,4].
Every Coxeter system (W,S) induces the Davis–Moussong complex Σ(W,S) which is a
CAT(0) space [5–7]. Then the Coxeter group W is a cocompact discrete reflection group
of the CAT(0) space Σ(W,S).
The purpose of this paper is to prove the following theorem.
Theorem. A group Γ is a cocompact discrete reflection group of some geodesic space if
and only if Γ is a Coxeter group.
2. Lemmas about reflection groups
Let Γ be a reflection group of a geodesic space X and let R be the set of all reflections
of X in Γ . We note that R generates Γ and γ rγ−1 ∈ R for each r ∈ R and γ ∈ Γ .
We suppose that the action of Γ on X is proper, that is, {γ ∈ Γ | γ x ∈ B(x,N)} is finite
for each x ∈ X and N > 0. Then the set of walls {Fr | r ∈ R} is locally finite. Indeed if
there exist x ∈ X and N > 0 such that {Fr | Fr ∩ B(x,N) = ∅} is infinite, then {r ∈ R |
rx ∈ B(x,2N)} is infinite which means that the action of Γ on X is not proper.
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be two convex connected components of X \ Fr , where C ⊂ X+r and C ∩ X−r = ∅.
Here we prove some lemmas.
Lemma 2.1. Let r ∈ R, x ∈ X+r and y ∈ X. Then y ∈ X−r if and only if d(x, ry) < d(x, y).
Proof. Suppose that x ∈ X+r and y ∈ X−r . Let [x, y] be a geodesic from x to y in X.
Then [x, y] ∩ Fr = ∅ by the definitions of Fr , X+r and X−r . Let z ∈ [x, y] ∩ Fr and let[x, z] and [z, y] be the geodesics which are restrictions of [x, y]. Since z ∈ Fr , rz = z and
r[z, y] is a geodesic from z to ry. Hence [x, z] ∪ r[z, y] is a path from x to ry whose
length is d(x, y). On the other hand, since x and ry are in X+r which is convex, every
geodesic [x, ry] is contained in X+r . Thus the path [x, z] ∪ r[z, y] is not geodesic because[x, z] ∪ r[z, y] ⊂ X+r . Hence the length of [x, z] ∪ r[z, y] is greater than d(x, ry), that is,
d(x, y) > d(x, ry). Thus if x ∈ X+r and y ∈ X−r then d(x, ry) < d(x, y).
Suppose that x ∈ X+r and y /∈ X−r . Then either y ∈ X+r or y ∈ Fr . If y ∈ Fr , then
d(x, ry) = d(x, y). If y ∈ X+r , then ry ∈ X−r . Since x ∈ X+r and ry ∈ X−r , d(x, r(ry)) <
d(x, ry) by the above argument. Hence d(x, y) < d(x, ry). Thus if y /∈ X−r then d(x, y)
d(x, ry). This means that if d(x, ry) < d(x, y) then y ∈ X−r . 
Lemma 2.2. C =⋂r∈R X+r .
Proof. Since C ⊂ X+r for each r ∈ R, C ⊂
⋂
r∈R X+r .
To prove C ⊃⋂r∈R X+r , we show that X \ C ⊂ X \⋂r∈R X+r . Here
X \
⋂
r∈R
X+r =
⋃
r∈R
(
X \ X+r
)= ⋃
r∈R
(
X−r ∪ Fr
)=
(⋃
r∈R
X−r
)
∪
(⋃
r∈R
Fr
)
.
Hence we show that X \ C ⊂ (⋃r∈R X−r ) ∪ (⋃r∈R Fr). Let x0 ∈ C and y ∈ X \ C. We
suppose that y ∈ X \⋃r∈R Fr . Let C′ be the connected component of X \⋃r∈R Fr such
that y ∈ C′. Here C = C′ because y ∈ X \ C. Let [x0, y] be a geodesic from x0 to y
in X. Then [x0, y] ⊂ X \⋃r∈R Fr and [x0, y] ∩ (⋃r∈R Fr) = ∅, i.e., [x0, y] ∩ Fr0 = ∅ for
some r0 ∈ R. Hence [x0, y] ⊂ X+r0 . Since x0 ∈ X+r0 and X+r0 is convex, y ∈ X−r0 , that is,
y ∈⋃r∈R X−r . Thus X \ C ⊂ (⋃r∈R X−r ) ∪ (⋃r∈R Fr) and C ⊃⋂r∈R X+r . 
Lemma 2.3. Let S be a subset of R such that C =⋂s∈S X+s . Then 〈S〉C = X \⋃r∈R Fr ,
where 〈S〉 is the subgroup of Γ generated by S.
Proof. Since C ⊂ X \⋃r∈R Fr , for each γ ∈ 〈S〉,
γC ⊂ γ
(
X \
⋃
r∈R
Fr
)
= X \
⋃
r∈R
γFr .
Here γ rγ−1 is a reflection and γFr = Fγ rγ−1 . Hence
γC ⊂ X \
⋃
r∈R
Fγ rγ−1 = X \
⋃
r∈R
Fr .
Thus 〈S〉C ⊂ X \⋃ Fr .r∈R
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y ∈ C ⊂ 〈S〉C. Suppose that y /∈ C. Since C =⋂s∈S X+s , there exists s1 ∈ S such that y ∈
X−s1 . Then d(x0, s1y) < d(x0, y) by Lemma 2.1. If s1y ∈ C then y ∈ s1C ⊂ 〈S〉C. Suppose
that s1y /∈ C. Then there exists s2 ∈ S such that s1y ∈ X−s2 and d(x0, s2s1y) < d(x0, s1y) <
d(x0, y) by Lemma 2.1. By iterating the above argument, we obtain a sequence s1, . . . , sn ∈
S such that
d
(
x0, (sn · · · s1)y
)
< d
(
x0, (sn−1 · · · s1)y
)
< · · ·
< d(x0, s2s1y) < d(x0, s1y) < d(x0, y).
Since the action of Γ on X is proper, this sequence is finite. Hence (sn · · · s1)y ∈ C for
some n. Then y ∈ (s1 · · · sn)C ⊂ 〈S〉C. Thus X \⋃r∈R Fr ⊂ 〈S〉C. 
Remark. Since R generates Γ , Γ C = X \⋃r∈R Fr by Lemmas 2.2 and 2.3, and
Γ C = Γ C = X \
⋃
r∈R
Fr = X
because {γC | γ ∈ Γ } and {Fr | r ∈ R} are locally finite and IntFr = ∅ for each r ∈ R.
3. Cocompact discrete reflection groups
Definition 3.1. A group Γ is called a cocompact discrete reflection group of a geodesic
space X, if
(1) Γ is a reflection group of X,
(2) the action of Γ on X is proper,
(3) for a chamber C, C is compact, and
(4) {γ ∈ Γ | C = γC} = {1}.
Let Γ be a cocompact discrete reflection group of a geodesic space X, let C be a cham-
ber and let S be a minimal subset of R such that C =⋂s∈S X+s (i.e., C =⋂s∈S\{s0} X+s
for each s0 ∈ S). Then by Lemma 2.3, 〈S〉C = X \⋃r∈R Fr = Γ C. Since {γ ∈ Γ | C =
γC} = {1}, S generates Γ . The purpose of this section is to prove that the pair (Γ,S) is a
Coxeter system.
We note that the set S is finite. Indeed if N = diam(C) and x0 ∈ C, then S ⊂ {γ ∈ Γ |
γ x0 ∈ B(x0,2N)} which is finite because the action of Γ on X is proper.
Lemma 3.2. For each s0 ∈ S, there exists x0 ∈ C such that d(x0, s0x0) < d(x0,
(Γ \ {1, s0})x0).
Proof. Let s0 ∈ S and let Ys0 =
⋂
s∈S\{s0} X
+
s . Then Ys0 is convex open subset of X, since
each X+s is convex and open.
1864 T. Hosaka / Topology and its Applications 153 (2006) 1860–1866We first show that Ys0 ∩ Fs0 = ∅. Suppose that Ys0 ∩ Fs0 = ∅. Then Ys0 ⊂ X \ Fs0 =
X+s0 ∪ X−s0 . Hence Ys0 ⊂ X+s0 , since C ⊂ Ys0 . Thus
Ys0 =
( ⋂
s∈S\{s0}
X+s
)
∩ X+s0 =
⋂
s∈S
X+s = C.
This contradicts the minimality of S. Hence Ys0 ∩ Fs0 = ∅.
Let y0 ∈ Ys0 ∩Fs0 . Since Ys0 is open, there exists ε > 0 such that B(y0,2ε) ⊂ Ys0 . Then
we can take x0 ∈ B(y0, ε) ∩ C because IntFs0 = ∅.
We show that d(x0, s0x0) < d(x0, (Γ \ {1, s0})x0).
By construction, d(x0, s0x0) = 2d(x0,Fs0) 2ε and for each s ∈ S \ {s0}, d(x0,Fs) >
2ε.
Let γ ∈ Γ \ {1, s0}. Since γ = 1, there exists s ∈ S such that [x0, γ x0] ∩ Fs = ∅, where
[x0, γ x0] is a geodesic from x0 to γ x0. If s = s0, then
d(x0, γ x0) > d(x0,Fs) > 2ε  d(x0, s0x0).
Suppose that s = s0. Since γ = s0, s0γ = 1. Then γ x0 ∈ X−s0 and s0γ x0 ∈ X+s0 because[x0, γ x0] ∩ Fs0 = ∅. By Lemma 2.1, d(x0, γ x0) > d(x0, s0γ x0). There exists t ∈ S \ {s0}
such that [x0, s0γ x0] ∩ Ft = ∅ because x0, s0γ x0 ∈ X+s0 . Then
d(x0, γ x0) > d(x0, s0γ x0) > d(x0,Ft ) > 2ε  d(x0, s0x0).
Thus d(x0, s0x0) < d(x0, γ x0) for each γ ∈ Γ \ {1, s0}, that is, d(x0, s0x0) < d(x0,
(Γ \ {1, s0})x0). 
Lemma 3.3. Let s ∈ S and let r ∈ R. If sC ⊂ X−r then s = r .
Proof. Let s ∈ S and r ∈ R such that sC ⊂ X−r . By Lemma 3.2, there exists x0 ∈ C
such that d(x0, sx0) < d(x0, (Γ \ {1, s})x0). Then sx0 ∈ sC ⊂ X−r . By Lemma 2.1,
d(x0, rsx0) < d(x0, sx0). Since d(x0, sx0) < d(x0, (Γ \ {1, s})x0), rs = 1. Hence
s = r . 
For each γ ∈ Γ , let (γ ) denote the minimum length of word in S which represents γ .
A representation γ = s1 · · · sn (si ∈ S) is said to be reduced, if (γ ) = n.
Lemma 3.4. Let γ ∈ Γ and let s ∈ S. If (γ ) (sγ ), then γC ⊂ X+s .
Proof. We prove this lemma by induction on the length (γ ).
If (γ ) = 0, then γ = 1 and γC = C ⊂ X+s .
Let n = (γ ). Suppose that (γ ) (sγ ). There exists a sequence s1, . . . , sn ∈ S such
that γ = s1 · · · sn. Let γ ′ = γ sn. Here γ ′ = γ sn = s1 · · · sn−1 is reduced. Then
(γ ′) = n − 1 (sγ ) − 1 = ((sγ sn)sn)− (sn) (sγ sn) = (sγ ′).
Hence (γ ′) (sγ ′), where (γ ′) = n − 1. By the inductive hypothesis, γ ′C ⊂ X+s . We
can take x0 ∈ C such that d(x0, snx0) < d(x0, (Γ \ {1, sn})x0) by Lemma 3.2.
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that (sγ ) n and (γ ′) = n−1. If (γ ′)−1sγ = sn, then sγ = γ ′sn = γ which contradicts
that s = 1. Thus (γ ′)−1sγ /∈ {1, sn}.
Then
d(γ ′x0, γ x0) = d(x0, snx0) < d
(
x0,
(
Γ \ {1, sn}
)
x0
)
 d
(
x0, (γ
′)−1sγ x0
)= d(γ ′x0, sγ x0).
Hence d(γ ′x0, γ x0) < d(γ ′x0, sγ x0). Here γ ′x0 ∈ γ ′C ⊂ X+s . By Lemma 2.1, γ x0 ∈ X+s .
This means that γC ⊂ X+s . 
Using above lemmas, we prove the main theorem.
Theorem 3.5. The pair (Γ,S) is a Coxeter system.
Proof. It is sufficient to show the following [2, p. 47 (F)]:
(F) For each γ ∈ Γ and s, t ∈ S such that (sγ ) = (γ ) + 1 and (γ t) = (γ ) + 1,
either (sγ t) = (γ ) + 2 or sγ t = γ .
Let γ ∈ Γ and s, t ∈ S such that (sγ ) = (γ ) + 1 and (γ t) = (γ ) + 1. There exists
a reduced representation γ = s1 · · · sn, where n = (γ ). Then sγ = s(s1 · · · sn) and γ t =
(s1 · · · sn)t are reduced. If sγ t = s(s1 · · · sn)t is reduced, then (sγ t) = n + 2 = (γ ) + 2.
We suppose that sγ t = s(s1 · · · sn)t is not reduced. Then (sγ t) n + 1 = (γ t), i.e.,
(sγ t)  (s(sγ t)). By Lemma 3.4, sγ tC ⊂ X+s . Hence γ tC ⊂ X−s . On the other hand,
since (sγ ) = n + 1 > (γ ), γC ⊂ X+s by Lemma 3.4. Thus γC ⊂ X+s and γ tC ⊂ X−s ,
that is, C ⊂ γ−1X+s and tC ⊂ γ−1X−s . Since C ⊂ γ−1X+s , γ−1X+s = X+γ−1sγ . Hence
γ−1X−s = X−γ−1sγ . Thus tC ⊂ γ−1X−s = X−γ−1sγ . By Lemma 3.3, t = γ−1sγ . Therefore
sγ t = γ . 
Thus we obtain that every cocompact discrete reflection group of a geodesic space is
a Coxeter group. Conversely, every Coxeter group is a cocompact discrete reflection group
of some CAT(0) space [5–7].
Theorem 3.6. A group Γ is a cocompact discrete reflection group of some geodesic space
if and only if Γ is a Coxeter group.
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